The aim of this paper and its sequel is to introduce and classify the holonomy algebras of the projective Tractor connection. This paper analyses the Tractor connection, the various structures it can preserve, and their geometric interpretations. It then presents the projective cone construction, a linking between standard affine holonomy and Tractor holonomy, and uses it to define the complex projective structure.
Introduction

The Cartan Connection
The Cartan connection is a curved version of the flat geometries. Given any manifold M , it maps the tangent space T M locally to the Lie algebra quotient,
for all x in M .
We will follow the exposition used in [CaGo3] . In all of the following, we assume that M is an n-dimensional manifold; in order to define the Cartan connection, we shall need to define the |k|-grading of Lie groups and algebras.
Definition 2.1. Let G be a semi-simple Lie group, with a |k|-grading of its Lie algebra g, that is,
with the additional conditions that no simple ideal of g is contained in g 0 and the sub-algebra p + = g 1 ⊕ . . . ⊕ g k is generated by g 1 . In the cases in this paper, we will in fact be dealing with |1|-gradings of a simple Lie algebra, which makes both of these conditions trivially true.
Remark. The last condition is what makes the connection normal ; this is a uniqueness condition for the Cartan connection of a particular parabolic geometry, similar to the torsion-free condition for a Levi-Civita connection. See [CaGo3] for a proof of the existence of a normal Cartan connection in all cases.
The bundle P and the form ω together define the parabolic geometry. The first two conditions on ω are analogous to those of a standard connection. The third condition is very different, however, giving a pointwise isomorphism T P u → g rather than a map with kernel.
However the Cartan connection does give rise to a connection in the usual sense, the so-called Tractor connection.
The Tractor Connection
The inclusion P ֒→ G generates a principal bundle inclusion i : P ֒→ G, with G a G-bundle, and generates a standard connection form: Proposition 2.3. There is a unique ω ′ ∈ Ω 1 (G, g) such that ω ′ is a standard connection form on G and i * ω ′ = ω.
Proof. At any point of P ֒→ G, define ω ′ (X) = ω(X) for X ∈ Γ(T P), and ω ′ (σ A ) = A for σ A the fundamental vector field of A ∈ g. These two formulas correspond whenever they are both defined (Property 2 from Definition 2.2), and completely define ω ′ on P. Then define ω (u) ) in the general case, for g(u) ∈ P. Property 1 for ω ensures this is well defined.
To see that ω ′ is indeed a connection, notice that for v ∈ P, ω ′ : T G v → g has maximal rank, since ω = ω ′ | T P : T P v → g in surjective. G-invariance of ω ′ generalises this property to all of G.
This ω ′ is the Tractor connection; when we see it as a connection on an associated vector bundle, we shall designate it by − → ∇. The Tractor connection obviously generates a Cartan connection by pull-back to T P. From now on, we shall use Cartan and Tractor connections interchangeably.
Remark. It is not the case that any G connection η will correspond to a Cartan connection via pull-back to P, as the isomorphism condition T P v → g could be violated. In the language of Section 3.2, η must have a maximal second fundamental form on the canonical sub-bundles in the splitting of the Tractor bundle. If so, then η comes from a Cartan connection.
Preferred connections
In this section we shall produce various bundle isomorphisms, the equivalence of the Cartan connection with more conventional geometric structures, and various useful properties of these structures. Moreover this will also give a very useful representation of the Tractor connection in terms of more usual affine connections.
Remark. All our constructions here will be given (when explicit) for the projective geometry. Other geometries follow similar constructions, though we shall not attempt to prove or show this in the present paper.
There is a canonical quotient map from P to G 0 = P/R n * . Then given the P bundle P, we may construct the G 0 bundle G 0 . This bundle G 0 is our first tie-in with more conventional geometries; in fact, for most parabolic geometries (though not the projective kind) this bundle ties down the geometry entirely. Let σ be a local G 0 -invariant section of P → G 0 .
Since we now have a particular G 0 ⊂ P , the algebra g splits under its action
Under this action, the Cartan connection splits into three components as well,
The pull-back under σ of ω 0 is a standard connection form on the principal bundle G 0 . We shall call these connections preferred connections.
The Lie algebra bundle A is defined as
Given a choice of σ, we may see A as
Lemma 3.1. Given a choice of σ, A splits as
Proof. In order to prove this formula, we will first need to establish the various Lie brackets on G.
In the projective case, sl(n + 1) decomposes as 
where A is an element of gl(n), X an element of g −1 , ω an element of g 1 and a = − trace A. One identifies B ∈ g 0 with (A, a) where
Then one can easily calculate the Lie bracket,
Since the bracket [B, X] is the standard action of B on X, one can see that
Similarly
Note that because P preserves the filtration of g, the algebra bundle filtration
is well defined, independently of σ, as are the projections
Proposition 3.2. All preferred connections for a given Cartan connection have the same torsion.
Proof. Since the projection π 2 onto the g −1 factor is well defined, so is the one-form π 2 (ω) = θ −1 ∈ Ω 1 (g −1 ) constructed from the Cartan connection ω. Let σ be a section of P → G 0 corresponding to a preferred connection.
As can be seen by the previous result,
the identity on T , implying that σ * (θ −1 ) is the canonical one-form of G 0 .
Now the 'curvature' of a Cartan connection is defined as
where ξ and η are lifts of vector fields on M ; this expression is independent of the choice of such lifts, exactly as in the case of a usual curvature expression. And it is obviously P -invariant.
Consequently [KoNo] σ * π 2 (κ) is the torsion of the preferred connection corresponding to σ. To complete the proof, we just need the following lemma:
Proof. If σ and τ are two invariant sections of P → G 0 , then
since µ is P -invariant. This proves the lemma...
...and the proposition.
We know that every preferred connection has the same torsion τ . However, the following theorem gives a better understanding of what makes a connection preferred:
Theorem 3.4. Every connection that preserves the projective structure and has the torsion τ is a preferred connection.
Proof. Given a choice of preferred connection, A splits and a local section is of the form 
Lemma 3.5. Under a change of preferred connection, this section changes as 
for a one-form Υ.
Proof. Two sections of P → G 0 differ under the action of a function p : M → P . Around the origin, p = exp(q), with q : M → p. However only the g 1 component of q acts effectively. Call this component g 1 .
The action of exp (Id + g 1 ) on the algebra g is in an identical form to the change of connection formula above. Then passing to the algebra bundle A and replacing g 1 with the equivalent section of T * , we confirm that formula.
This result is enough to show that two preferred connections ∇ and ∇ differ by
for some one-form Υ. Let ∇ be a preferred connection, and ∇ a projective connection with the same torsion. Then ∇ = ∇ + Ψ with Ψ ∈ Γ(H) a one-form with values in gl(n). Since ∇ and ∇ have same torsion,
Since they also have same projective structure, for all X ∈ Γ(T ) we have a function f X so that
However the symmetry of Ψ implies that
Hence Ψ is entirely determined by the value of Ψ(X, X) for different X. Choosing a local frame (X h ), define the one-form Υ by Υ(
However Ψ(Z, Z) is a multiple of Z, so
Since this equality is valid for all µ, we must have f X = 2b and
This shows that f Z depends linearly on Z; in other words, there exists a one-form ν, such that
We may put these results together to show that
which implies that the map
is bijective.
In fact this proves another result, namely that 
Proof. Notice first that trace φ(Υ) = −(n + 1)Υ, Any preferred connection ∇ determines a connection on L a . If l is a section of L a and ∇ ′ another preferred connection differing from ∇ via Υ,
So different preferred connections determine different connections on L a . Conversely, any connection on L a differs from ∇ by such an Υ, and so corresponds to the action of the preferred connection ∇ + φ(Υ). Proof. The connection ∇ on L −n defined by
defines, by the previous corollary, a preferred connection preserving ν. In future, when talking about preferred sl(n) connections, we will often just define them by ν itself.
Proposition 3.9. In the projective case, the preferred connections of a normal Cartan connection are torsion-free.
Proof. We know that (the pull back of) π 2 κ is the torsion of the preferred connections. First prove that any projective structure admits torsion-free connections. Let ∇ ′ be any affine connection, with torsion τ . Then ∇ = ∇ ′ − 1 2 τ is a torsion-free connection, and if X is the tangent vector of a geodesic of ∇ ′ ,
The fact that the normal condition is equivalent with the preferred connections being torsion free is demonstrated in detail in [Arm4] . For the present work, since the torsion is an invariant of the Cartan connection, it suffices to define a normal projective Cartan connection as one whose preferred connections have vanishing torsion (note though that not all geometries admit torsion free-connections, so the normality condition is more complicated in those cases).
From now on, we will take our Cartan connections normal and our preferred connections torsionfree. All these constructions can be reversed; so to every projective structure, there corresponds a (unique) normal Cartan connection.
Curvature formulas
In order to proceed, we need some of the properties of the preferred connections, as well as a local formula for the Tractor connection.
Given the curvature R of a preferred connection, the trace is the Ricci tensor Ric. Since all the g 0 algebras are reductive, one also has the totally trace-free part of R, the Weyl tensor W . Note that the Weyl tensor depends both on the preferred connection, and on the algebra g 0 . For instance a given Levi-Civita connection has different Weyl tensor depending on whether one looks at the conformal or projective structures that it generates.
The tensor W is projectively invariant; this fact comes from the curvature formula for the Tractor connection, Equation (6): just as we proved previously that π 2 (κ) (the torsion) is independent of the choice of ∇, if the torsion vanishes, the next component π 1 (κ) will be invariant: but that is just the Weyl curvature.
The rest of the curvature information is contained in the Ricci tensor Ric. From this we shall need an equivalent tensor, the rho-tensor P, constructed differently for the different geometries.
Projective curvature
In the projective case, P is defined by
In terms of Ric (hj) and Ric [hj] , the symmetric and anti-symmetric components of Ric hj ,
Ric [hj] .
Recall that:
Lemma 3.10. A torsion-free affine connection will preserve a volume form if and only if it has symmetric Ricci tensor.
The action of the curvature of a connection on the volume bundle is known by taking the trace of the last terms. Then the proof comes directly from the first Bianchi identity:
In the general case (Ric symmetric or not) the full curvature expression becomes:
Proof. This formula is easily checked by taking traces and by the symmetries of the curvature tensor R.
Tractor bundles
Under a change of connection given by a one-form Υ, this tensor changes as
as in the conformal case. We can also define the Cotton-York tensor as before:
General formulas
A choice of preferred connection splits A, hence splits any bundle associated to it. If ρ denotes the action of sections of A, the Tractor connection becomes:
Proof. Using the change of splitting formula (1) and the formula for the change of P, one can check that this expression is independent of the choice of preferred connection. It is easy to see that it corresponds to a Cartan connection (as its second fundamental form on B ⊂ A is maximal).
Furthermore the curvature can be calculated:
which shows that − → ∇ is normal, as the torsion T vanishes -thus π 2 • R − → ∇ = 0 -and since κ is the pull-back of R − → ∇ to P.
As normal Cartan connections are unique, this expression is the normal Cartan connection for this geometric structure.
We shall designate our main focus of investigation, the local holonomy algebra of − → ∇ as
Remark. We now have everything we need for the Tractor connection, except a good bundle for it to operate on.
Tractor bundles
In the projective case, a section s of L n n+1 defines a preferred connection ∇, which preserves a volume form and thus has symmetric Ricci tensor. Then it turns out that the operator
is second order, linear and projectively invariant. In this case, since ∆ is bijective on the included
It turns out that this kernel admits a A action. We thus identify the projective Tractor bundle with the dual J 1 L n n+1 * . See [CaGo3] for details; from our perspective,
with G = SL(n + 1) acting on R n+1 in the usual fashion.
This bundle we shall call the Tractor bundle for the projective geometry. There are other 'Tractor' bundles corresponding to different representations of G (most notably the adjoint representations [Lei] ), but we shall not need to use them in this paper.
To recapitulate, given a choice of preferred connection ∇, there is a decomposition of the algebra bundle A and hence of the Tractor bundle
. The Tractor connection is given by − → ∇ X = ∇ X + X + P(X), or, more explicitly,
The formula for changing a splitting by a one-form Υ (see Theorem 1) is given explicitly by
4 Reducible holonomy: Ricci-flatness
This section will provide a description of the geometric meanings of reducible Tractor holonomy. We will not, however, fully classify this case, similar to the fact that reducible holonomy is not fully classified in the affine case. In this section, by co-volume forms, we mean elements such as
where (X j ) is a frame for a bundle of rank k.
Proof. This is a consequence of the fact that the second fundamental form of L µ is maximal, since − → ∇ comes from a Cartan connection.
In more details, let
is defined by
In consequence the image of sections of
From now on we shall assume, by restricting to open, dense subsets of M , that Most of this section will be devoted to proving this. We choose a splitting of
, and the preferred ∇ corresponding to this splitting.
Let X and Y be sections of K, then
Since this must also be a section of K, one must have ∇ X Y as a section of K, and consequently
. K is integrable and totally geodesic.
If one were to view X as any section of T rather than K in Equation (8), one sees that ∇ preserves K and
Remark. Note that as a consequence of this, P is zero on K ⊗ K, hence Ric is zero on this foliation as well. Since K is totally geodesic, Ric K = Ric M | K⊗K ; in other words, the foliations K are Ricci-flat under the connection ∇ restricted to K.
Lemma 4.4. We may choose ∇ so that it preserves a co-volume form on K.
Proof. Since ∇| K is Ricci-flat, it must preserve a co-volume form τ along K. Thus
where ω is a one-form with ω(K) = 0. Now [Υ, X] acts on τ by taking the trace of the first k components; or, in other words,
In other words, if we change preferred connections from ∇ to ∇ ′ by the choice of
Since Υ(K) = 0, then by Equation (7), ∇ ′ still determines a splitting with
Proposition 4.5.
− → ∇ preserves a co-volume form on K if and only if
Hence
Corollary 4.6. Theorem 4.2 clearly inverts: let ∇ be a preferred connection with a preserved totally geodesic integrable foliation
If there exists sl(n)-preferred connections with these properties which preserve co-volume forms on K, then − → ∇ preserves a co-volume form on K.
As a consequence of this, if K is a rank n bundle, then K = T , and there exists a Ricci-flat preferred connection ∇ on M . Since it is Ricci-flat, it must preserve a volume form, hence:
Corollary 4.7. If − → ∇ preserves a rank k = n bundle K, it always preserves a volume form on K.
Remark. In the general case, we have a wide variety of splittings -hence preferred connectionswith the required inclusion K ⊂ T [µ] ⊂ T . When k = n, however, K and T [µ] have same rank, so there is a single splitting of T with this property. So we may talk about the Ricci-flat preferred connection ∇ on K = T .
Notice that since the rho-tensor of ∇ is zero on K, as is the rho-tensor of ∇| K , the tractor connection of K is a restriction of that of M :
whenever X and Y are sections of K, and ν = There is another useful characterisation in the 'nearly irreducible' case, where n = k; however we first need to define what an affine cone is: Definition 4.8 (Cone). A cone is an affine manifold (C, ∇) with a special vector field Q such that:
Lemma 4.9. The property of being Q-invariant may be replaced with condition that all curvature terms involving Q vanish; these are equivalent, given the other two conditions.
Proof. R −,− Q = 0 by definition. Now let X and Y be vector fields commuting with Q. Then
And that expression being zero is precisely what it means for ∇ to be Q invariant. 
where hol ∇ is the affine holonomy algebra of the Ricci-flat preferred connection ∇ on M . The Lie bracket is given by the standard one on hol ∇ , the trivial one on T , and action of hol ∇ on T in cross terms.
The second equality holds if ∇ is a cone in the sense of Definition 4.8, the first if it is not.
Proof. Remember the holonomy algebra splitting, Then the algebra hol ∇ ⊕ T decomposes into two pieces, hol ∇ and T , under the action of hol ∇ . In other words, if the holonomy of − → ∇ has any T component, it has the full T .
Lemma 4.11.
Proof. Since (K, ∇) is a cone, there exists a vector field Q such that ∇Q = Id. Thus the section
Conversely, imagine that − → hol = hol ∇ . The action of hol ∇ commutes with the natural projection
Consequently, since hol ∇ is reductive, T must contain one summand equal to T [µ], as well as a preserved section, say v. Obviously π 1 (v) = 0. Since v is preserved, π 1 (v) is a constant. Scale it to be minus one, so that v is of the form
The condition that v be preserved by − → ∇ translates to requiring that ∇Q = Id. Proving that (K, ∇) is a cone is harder. Define a cone over K, C = K × R with Q ′ the R-factor. Extend the connection by requiring ∇Q ′ = Id and torsion-freeness. Since this is a projective cone (see latter Section 8), it has the same holonomy as (K, − → ∇). Now
and since − → hol = hol ∇ is reductive, there exists a foliation of C transverse to S = Q − Q ′ , and by the torsion-free affine version of the de Rham decomposition theorem -closely following the Riemannian argument-∇ is S-invariant. Since it is also Q ′ invariant, it must be Q invariant.
In other words, (K, ∇) must be a cone.
We shall see, in Section 8, that a projective cone has the same affine holonomy as the Tractor holonomy of its underlying manifold. But this theorem shows that the projective cone has Tractor holonomy also equal to these two holonomies.
Remark. There is no complementary foliation to K (unlike the definite signature conformal case) and the condition P(−, Y ) = 0 is a second order non-linear differential one; consequently it is hard to understand exactly what restrictions they impose on the projective structure. Results from [Arm4] suffice to show that these restrictions are geometrically not that strong, even when the various dimensions or co-dimensions are low.
Symplectic holonomy: Contact spaces
It turns out that a symplectic structure on the Tractor bundle corresponds to a canonical contact structure on the manifold, though an actual contact form depends on a choice of preferred connection. A projectively invariant understanding of what is happening is given by the contact distribution U ⊂ T , where any geodesic that starts tangential to U will remain tangential to U .
But before proceeding, we must define what we understand by a contact structure.
A contact structure on a manifold of dimension n = 2m + 1 is a maximally non-integrable distribution U ⊂ T of rank 2m. Calling L the quotient bundle, we may dualise the quotient map and get the exact sequence
A section θ of L * is thus a one-form such that θ(U ) = 0, the maximal non-integrability condition translating to the fact that the volume form
Notice that though there is no canonical isomorphism between sections of T [a] and T , there is an isomorphism between subbundle of these two bundles, since scaling does not change a subbundle. Now assume that we have a projective structure with a preserved alternating form ω on T . We shall call this a symplectic form, for as we shall see in the cone construction of Section 8, ω is just a standard symplectic form on the cone. Given a preserved symplectic form ω on T , this allows us to define two bundles; U = π (L µ ) ⊥ , where the ⊥ is taken with respect to the symplectic structure.
Conversely, we may define the bundle
Note that since L * is zero on any lift of U into T , L * (U ) = 0. Proof. A choice of section s of L µ -equivalently, a choice of sl(n) preferred connection ∇ -defines a section θ = s.ω(s) of L * . Furthermore, since ∇ defines a splitting of T , we may define a two-form ω ′ as
We aim to show that
Proof. We know that − → ∇ω = 0. From this, we may deduce the properties of ∇ itself. Let X, Y and Z be sections of U . Let R be the Reeb vector field of θ, ω ′ ; i.e. ω ′ (R, −) = 0 and θ(R) = 1. Notice that this implies ω(s, R) = 1, and ω(R, T [µ]) = 0. Using s, we identify T [µ] and T . Then Lemma 5.3. ∇ has the following properties:
∇ R X ∈ Γ(U ).
[R, X] ∈ Γ(U ).
The
so ∇ A R is a section of U , proving 1. Similarly
so ∇ R X is also a section of U , proving 2. Then 3 is a direct consequence of 1 and 2.
To prove 4 consider
and the R component of ∇ X Y is just −ω(∇ X Y, s). For the final statement, again let A be any section of T , and
demonstrating 5, since
Now we may calculate dθ.
dθ(R, X) = R.θ(X) − X.θ(R) − θ([X, R])
= 0 since θ(R) and θ(X) are constants, and [X, R] is a section of U .
Hence dθ = 2ω ′ .
To show that U defines a contact structure, it suffices to show that
is non-degenerate. But this is immediate as ω ′ is non-degenerate on U and zero on R.R, whereas θ is zero on U and non-zero R.R.
Note that although U and L * are invariantly defined (and hence so is the contact structure), we need a choice of volume-preserving preferred connection to get an explicit θ or ω ′ .
Projectively, these structures imply
is a local geodesic that is tangent to U at some point, then it is tangent to U at every point (i.e. it is a Legendrian curve).
Proof. Reparameterise φ so that the geodesic is parameterized by the affine parameter of ∇. Now φ ′ = X + aR, and the geodesic equation becomes
for some section Y of U . Then since ω ′ (X, X) = 0, we must have a constant along φ(t). So if a = 0 at any point in the image of φ, a = 0 at every point.
To invert this construction -start from some projective torsion-free connection ∇ which preserves a contact structure as above and generate a Tractor connection which preserves a symplectic form ω -we must add an additional integrability condition to those of Lemma 5.3. Given the Reeb vector field, we may split T * as L * ⊕ U * . Let Ξ be the projection onto U * . Since ω ′ is non-degenerate as a map U → U * , ω ′−1 : U * → U is well defined. Then
Lemma 5.5. If ∇ is a preferred sl(n) connection of a Tractor connection preserving a symplectic structure, the P tensor of ∇ must obey the following formula:
Proof. For any section
Since this formula is valid for all Y -though not upon replacing Y with R -we get the required result.
And then it is quite easy to see that any ∇ that obeys all these conditions will generate a symplectic Tractor connection.
Complex holonomy: CR-spaces 6.1 Complex holonomy
It turns out that a complex structure J on the Tractor bundle T corresponds to the existence of CR-structures on M . The projective interpretation of this is hard to see: for though the Reeb vector field is well defined, the actual distributions and CR-structure vary depending on the choice of preferred connections. What is actually happening is that these CR-structures all infinitesimally cover the same C-projective structures once you divide out by the action of R = JQ. If the Tractor connection is R-invariant, then they properly cover these structures. See Section 8.1 for more details on this.
But first we must define what we mean by a CR-structure.
A CR-space is a manifold of odd dimension n with a distribution H ⊂ T of rank n − 1 and an endomorphism J : H → H such that J 2 = −Id, and that obeys two integrability conditions:
The Nijenhuis tensor
vanishes identically. Now, given a projective structure with a complex structure J on the Tractor bundle T , we have a canonical Reeb vector bundle, defined by
There is a special class of connections within the preferred connections of this projective structure; namely those whose splitting has the property J(
. Since the class of preferred connections corresponds to the class of all affine connections on L µ , it corresponds to the class of all splittings of the sequence
hence we can definitely find ones with the property
. Call these the C-preferred connections. By choosing sections of
, we get C-preferred connections that are volume preserving.
Then if s is a section of J(L µ ) defining a C-preferred connection, we may define the Reeb vector field as
Note that this definition is independent of the choice of s, so R is invariantly defined. We also have a subbundle
However, different choices of connection result in different bundles H, as they result in a different choice of bundle T [µ] ⊂ T ; in this way, the reverse of the contact case, the Reeb vector is canonical but the distribution is not.
We now fix a volume-preserving C-preferred connection ∇, and seek to deduce its properties from those of − → ∇.
Theorem 6.1. If T has a preserved complex structure J, then a choice of C-preferred connection ∇ gives a CR structure on M .
The proof of this is detailed in the rest of this section. Proof.
which is also a section of H by the definition of H, proving 2. For 3
implying that ∇ R X has no R component, as this would imply an s component in J∇ R X. Then 4 is a direct consequence of 2 and 3.
The previous proof implies that ∇ R J = 0; in order to prove 5 one merely needs to show that J∇ X Y and ∇ X JY differ only by multiples of s and Q.
We get the further result that
implying that the R component of ∇ X JY is P(X, Y ), proving 6.
And, inverting all these steps, one can see that any affine connection with these properties will generate a complex Tractor connection. This is all related to the complex projective structure, see Section 8.1. 
by the first integrability condition. But that last expression is zero by the properties of ∇.
Quaternionic holonomy
Assume now that − → ∇ preserves three complex structures J 1 , J 2 , J 3 , with the usual quaternionic relations:
As before we may choose splittings of T such that
we may choose a section of L µ → M tangential to these bundles, giving us a volume preserving H-preferred connection ∇.
As before, we have the well defined Reeb vectors R 1 , R 2 and R 3 , invariants of the projective structure, and, via the choice of ∇, three distributions H 1 , H 2 and H 3 .
We get the further relations
and the distribution
is stable under the actions of all the automorphisms J 1 , J 2 and J 3 , and these obey the quaternionic relations on H.
Call any manifold with this sort of structure an HR-manifold. Paper [Biq] deals with similar structures.
Orthogonal holonomy: Einstein spaces
In this section we aim to show that − → ∇ preserving a metric on T is equivalent to the existence of an Einstein, non-Ricci-flat, preferred connection ∇.
Some explanations as to what we mean by an Einstein connection in this case:
∇ is non-degenerate and
Notice this also implies that ∇ det(Ric ∇ ) = 0, so ∇ is an sl(n) connection. Thus Ric ∇ is symmetric, and ∇ is the Levi-Civita connection of the 'metric' Ric ∇ , meaning that ∇ is an Einstein connection in the standard sense, with Einstein coefficient 1.
Proof. Let s ∈ L µ be a section corresponding to ∇. Then in the splitting defined by ∇, consider the metric
Note that where Ric is of signature (p, q), h is of signature (p + 1, q). In a more general setting, if Ric = λg for some metric g of signature (p, q), then h is of signature (p + 1, q) when λ > 0 and (q + 1, p) when λ < 0.
Remembering the formulas for the Tractor connection, and using s implicitly: Proof. We need first to show that L µ ⊂ T cannot degenerate for h, at least on an open dense sub-set.
and since Xs 0 spans an n-dimensional subset of T , this quantity must be non-zero for most X,
Now on most points of M , we may define a special section s ∈ Γ(L µ ) by requiring h(s, s) = 1. and the associated preferred connection ∇ with ∇s = 0. Consequently
as before. As well as this,
Cone construction
So far we have seen the properties of various holonomy groups, but no tool that would enable one to classify them. The main tool for that is the cone construction, defined as follows: This construction bears similarities to the conformal ambient metric construction presented in [FeHi] and [CaGo1] ; however, instead of using a metric, we shall use the P-tensor, and will not be extending the cone into a second dimension. The rest of this section will be dedicated to proving this.
Fix a preferred connection ∇; this defines not only a splitting of T , but also, because it is a connection on L µ , an R + -invariant splitting of the projection sequence
Define Q to be the vector field on C(M ) generated by the action of R + . Then define the connection ∇ by
Notice that C(M ) is a cone in the sense of Definition 4.8.
. Now let ω be the connection one-form, associated with ∇.
the vertical component we are looking for. Since X and Y are horizontal,
with Θ the curvature of ω. In other words, the vertical component of [X, Y ] is minus the curvature of ∇. Now the curvature of ∇ on L n is
and by Equation (3),
Proof. Let R be the curvature of ∇. Then the curvature of ∇ is:
by Equation (4), with W the Weyl tensor and CY the Cotton-York tensor of ∇. This is the only non-zero component of the curvature as
and
Hence the curvatures of ∇ and − → ∇ are the same. Then the trace of R is
as the Weyl tensor is trace-free, where (X j , Q) is a local frame for T C(M ) and (X * j , Q * ) a dual frame.
Proof. Choose another connection ∇ ′ and a corresponding splitting. Then in this splitting ∇ must be
for some section S of T * ⊗ T * . By the previous arguments, the requirement of torsion-freeness implies that the anti-symmetric part of S is the anti-symmetric part of P ′ . Then the Ricci-flatness requirement implies that S = P ′ .
Remark. One can get the preferred connections from the cone connection via the following method: given a Q-invariant splitting of T C(M ), one has a connection ∇ on T ⊂ T C(M ) by projecting ∇ along Q. In other words
And, of course, ∇ is the preferred connection corresponding to our chosen splitting of T C(M ).
Remark. Two such splittings will differ via
for some one-form Υ on M . This is the origin of the fact that two preferred connections differ by the action of a one-form Υ.
Lemma 8.6. Let φ and φ ′ be two paths in C(M ) with identical endpoints such that
Then the holonomy transform of − → ∇ along φ and φ ′ are the same.
Proof. Let X + aQ be a parallel transport along φ,
Now there is a (local) invariant extension of X + aQ in the direction of the cone, e −q (X + aQ) where q is a local coordinate, q = 0 (locally) along φ and Q(q) = 1. Consequently,
so sinceφ ′ =φ + bQ for some function b,
Then since q = 0 locally at both endpoints of φ and φ ′ , the result is proved.
To complete this section and give a point to it all, one has to show the final result:
In our case, we require that
Then we may identify (sY, s) ∈ Γ(T ) with (sY, sQ) ∈ Γ(T C(M )). Under this identification it is clear that
As a simple consequence of this and Lemma 8.6, Corollary 8.8.
− → ∇ and ∇ have same holonomy.
So in order to classify holonomy groups of − → ∇, one has to look at those groups that can arise as the affine holonomy groups of Ricci-flat cones. By an abuse of notation, so as not to clutter up with too many connection symbols, we will also designate ∇ with the symbol − → ∇.
Remark. Conversely, given any Ricci-flat cone with these properties, one has a well defined projective structure on the underlying manifold.
Proposition 8.9. This construction is the same as the conformal Einstein cone construction of paper [Arm1] . For in that case, the conformal P co is given by
with P pr the projective rho-tensor. Then replacing the 2P co term in the conformal Einstein cone equation ([Arm1] ) with the equal term P pr yields the standard projective cone.
In this way, by classifying projective Tractor holonomy groups, we shall also classify conformal Tractor holonomy groups for conformally Einstein structures.
Complex projective structures
Let M 2n+1 be a projective manifold with a complex structure J on T -hence on the cone C(M ). Assume that − → ∇ is R-invariant, where R = JQ. Similarly to the proof of Lemma 4.9, being Rinvariant is equivalent with the disappearance of all curvature terms involving R.
Then we may divide out C(M ) by the action of Q and R to get a manifold N . Call this projection Π : C(M ) → N . Notice that Π factors through M : Proof. The complex structure J is invariant along Q and R. Let η : N → C(M ) be a section of Π. Then we may define the complex structure on N via
Notice that this definition is independent of η, since if η ′ is another section of Π, η
Now remember what happens when C(M ) has a complex structure; for a choice of C-preferred connection ∇, one has a CR distribution H ⊂ T M , which will project bijectively onto T N when dividing out by the action of R = JQ.
Lemma 8.11. Since − → ∇ is Q-and R-invariant, one may produce a torsion-free connection ∇ on N by projecting − → ∇ along Q and R -equivalently, by projecting ∇ along R.
The set of all ∇ preserve some structure on N ; call this the complex projective structure. But what exactly is it? Lemma 8.12. All ∇ preserve the complex structure J N .
Proof. This is a direct consequence of the properties of ∇, as given in Lemma 6.2.
Definition 8.13 (Generalised complex geodesics). A generalised complex geodesic is a map
where B is the bundle spanned byψ and Jψ. Since a real geodesic is a fortiori a generalised complex geodesic, these exist at all points, in every direction. However they are non-unique; for instance the image of any geodesic in C(M ) is a generalised complex geodesic in N .
Definition 8.14 (Complex geodesics).
A complex geodesic on a complex manifold (N, J, ∇) is a map µ from a domain U ⊂ C to N such that µ(U ) is totally geodesic [MoMo] , [Leb] . They exist if the connection ∇ is holomorphic -paper [MoMo] erroneously claims their existence in the general case.
Obviously any curve inside a complex geodesic is a generalised complex geodesic. Note that a complex geodesic is a function C → N , whereas generalised complex geodesic are functions R → N . 
for functions f and g, where ℵ denotes terms in Q and R. Changing the foliation to that corresponding to ∇ ′ involves replacing X with
So ∇ and ∇ ′ have the same generalised complex geodesics. Given a complex geodesic µ, let ψ be any curve in it -hence a generalised complex geodesic. Then, as µ is a complex map, By an analogous argument to that given for the real case in equation 2, if ∇ and ∇ ′ are two connections in this class
Again, as in Corollary 3.7, the preferred connection ∇ is bijectively determined by its effect on powers of the complex weight bundle
We then define the complex Tractor bundle T Proof. To prove this, we shall construct a complex cone C C (N ) for any complex projective manifold N . Then M comes directly from dividing C C (N ) by the action of Q.
Given a N with a complex projective structure, choose a preferred connection ∇. Then the Ricci tensor of ∇ splits into four pieces: Here, l s is the J-linear symmetric component of the tensor Ric, l a the J-linear anti-symmetric component, h s the J-hermitian symmetric component and h a the J-hermitian anti-symmetric component. Then define the complex projective rho-tensor P C as
If ∇ preserves a complex volume form up to real multiplication, then
If ∇ preserves a complex volume form up to imaginary multiplication -equivalently, preserves a real volume form -then
Finally, if ∇ preserves a complex volume form, then
and, in this case, l s = Ric.
There is also a complex projective Weyl tensor, W C . In details, this is given by
where (P C J) hj = (P C ) hm J m j . If we take the tensor products to be complex, this expression becomes
The complex Cotton-York tensor is also defined,
For simplicity's sake, let ∇ be a preferred connection that preserves a complex volume form. The formulas work for all ∇, but we won't need that level of generality. Then let C C (N ) = R 2 × N , and let Q and R be the vectors in the direction of R 2 . Extend J N by defining JQ = R, and define the connection − → ∇ as
and defining the rest of the terms by torsion-freeness. − → ∇ obviously preserves J, and, as in the real projective case, One may then define the manifold M by dividing out C C (N ) out by the action of Q. Since C C (N ) is a real cone -as − → ∇Q = Id -this generates a real projective structure on M , independently of the choice of preferred, complex volume-form preserving, connection ∇ on N . As stated before, one does not need the complex volume-form preserving condition -but it makes the calculations much simpler.
